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bstract

We examine the nonlinear inverse problem of electromagnetic induction to recover electrical conductivity. As this is an ill-posed
roblem based on inaccurate data, there is a critical need to find the reliable features of the models of electrical conductivity. We
resent a method for obtaining bounds on Earth’s average conductivity that all conductivity profiles must obey. Our method is based
ompletely on optimization theory for an all-at-once approach to inverting frequency-domain electromagnetic data. The forward
odeling equations are constraints in an optimization problem solving for the electric fields and the conductivity simultaneously.
here is no regularization required to solve the problem. The computational framework easily allows additional inequality constraints

o be imposed, allowing us to further narrow the bounds. We draw conclusions from a global geomagnetic depth sounding data set
nd compare with laboratory results, inferring temperature and water content through published Boltzmann–Arrhenius conductivity
odels. If the upper mantle is assumed to be volatile free we find it has an average temperature of 1409–1539 ◦C. For the top

000 km of the lower mantle, we find an average temperature of 1849–2008 ◦C. These are in agreement with generally accepted
antle temperatures. Our conclusions about water content of the transition zone disagree with previous research. With our bounds

n conductivity, we calculate a transition zone consisting entirely of Wadsleyite has < 0.27 wt.% water and as we add in a fraction

f Ringwoodite, the upper bound on water content decreases proportionally. This water content is less than the 0.4 wt.% water
equired for melt or pooling at the 410 km seismic discontinuity.
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. Introduction

The problem of learning about electrical conduc-
ivity of the deep interior of the Earth from time se-
ies of the magnetic field at the surface falls in the
rovince of inverse theory. Because of incompleteness
nd uncertainty, deficiencies shared by all practical mea-

urements, the information contained in data can never
urnish a precise description of the conductivity distribu-
ion, and so an essential part of any inversion must be an
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assessment of the variety of possible solutions. The earli-
est systematic attempt to provide such a measure was the
analysis of resolution given by Backus and Gilbert (1968,
1970), applied by Parker (1970) to the question of the
global geomagnetic sounding. Backus–Gilbert theory is
fundamentally a linear theory, and if the inverse problem
is nonlinear, as it is for all electrical problems in geo-
physics, the equations are linearized on the assumption
that any deviation from a base model can be treated as a
linear perturbation. While this is a plausible approxima-

tion for many seismological applications, the huge range
of electrical conductivities encountered even near the
surface, from 4 S m−1 in surface seawater to 10−5 S m−1

in igneous rocks (Telford et al., 1990), casts doubt on its

mailto:amedin@ucsd.edu
dx.doi.org/10.1016/j.pepi.2006.09.001
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trustworthiness for electrical problems. Furthermore, an-
other characteristic of the electromagnetic forward prob-
lem invalidates linear resolution theory: a thin perfect
conductor (one with infinite conductivity) introduced
into a model can cause only a finite, perhaps even a tiny,
change in the measured responses, whereas the linear
theory predicts an infinite response to an infinite per-
turbation. Consequently in the inverse problem, small
differences in the observations may be associated with
arbitrarily large model variations which the linear ap-
proximation critically underestimates, a serious flaw in
a method for assessing model reliability (Parker, 1982).

In the usual analysis of magnetotelluric and geomag-
netic data (e.g., Constable, 1993; Olsen, 1999) the range
of solutions is explored by constructing regularized mod-
els under a variety of penalty functions, with particular
emphasis on the solutions with minimum complexity as
measured by the norm of its gradients. A much more
informative approach to the question of model ambigu-
ity is to identify an interesting property of the model,
and to use optimization methods to find its maximum
and minimum values which then supply bounds on the
quantity of interest. Oldenburg (1983) introduced this
idea and applied it the electromagnetic inverse problem
concentrating on the property of conductivity averages.
The same strategy has been successfully applied in a
number of linear inverse problems, in which other model
properties have been bounded (Stark et al., 1986; Parker,
1991, 2003; Parker and Song, 2005). A key considera-
tion in these linear problems has been the way in which
inequality constraints have played a role in obtaining use-
ful conclusions; for example, positivity of the unknown
or its gradient. In this paper we will present a method
for obtaining bounds in the nonlinear electromagnetic
inverse problem in a way that permits the natural intro-
duction of inequality constraints into the computational
framework. The extension of computational techniques
to cover the nonlinear and nonconvex optimization prob-
lems that arise will be the subject of the first part of the
paper.

There are two complementary ways in which we can
learn about the deep interior: the first is inversion of
observations made at the surface, and the second is by
studying the properties of likely materials in the labora-
tory. In the case of electrical conductivity, there is broad
agreement between the results of the two strategies (e.g.,
Constable, 1993; Xu et al., 1998), but whether that agree-

ment is adequate or not must depend on the uncertainty
ascribed to the conductivity models, something known
only poorly, if at all. We propose to provide a credible
assessment of those uncertainties.
lanetary Interiors 160 (2007) 51–59

2. Inversion by homogeneous optimization

For the purposes of this study we will need to consider
only the one-dimensional magnetotelluric (MT) inverse
problem, a problem described many times before (e.g.,
Weidelt, 1972; Whittall and Oldenburg, 1992; Parker,
1994). Weidelt (1972) showed that the inverse problem
in a spherically symmetric Earth can be mapped exactly
into a one-dimensional MT problem of the following
kind. We treat a conducting layer in 0 ≤ z ≤ H with
positive z downard, above which there is a horizontal
magnetic field varying as eiωt ; the electrical conductivity
σ is a function of z alone. Observations are made of
perpendicular horizontal electric and magnetic fields at
z = 0, which permit the estimation of c(ω), a complex
admittance given by

c(ω) = E(0, ω)

iωB(0, ω)
= − E(0, ω)

E′(0, ω)
(1)

where E(z, ω) is the y component of the (complex) elec-
tric field at depth z, B(z, ω) is the x component of the
magnetic induction, and prime denotes the z derivative.
For z > 0 the electric field obeys the differential equation

E′′(z, ω) = iωμ0σ(z)E(z, ω) (2)

which we will solve subject to the boundary conditions

E′(0, ω) = −1, E(H, ω) = 0 (3)

Here z = H corresponds to the position of a lower
boundary where a perfect conductor is situated; in
practice for our problem this is the top of the core.
With these boundary conditions, we see from (1) that
c(ω) = E(0, ω). From measurements of time series, the
admittance in (1) can be estimated at N frequencies
ω1, ω2, . . . , ωN , and so there are N versions of (2), one
for each frequency. In the broadest terms, the inverse
problem consists of finding out as much as possible
about the function σ(z) from the N complex numbers
cj = c(ωj); it must be understood that these values are
not known exactly, but are associated with uncertainties,
usually characterized by standard deviations found from
spectral analysis of the original time series (e.g., Egbert
and Booker, 1986).

To make progress with the inversion we need a mea-
sure of misfit between the predictions of a candidate con-
ductivity model and observed admittances: traditionally

this has been based on the square of a weighted misfit

X[σ]2 =
N∑

j=1

|cj − E(0, ωj)|2
ε2
j

(4)
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here εj is the standard error of the j-th admittance, as-
umed here to be the same number for the real and imag-
nary parts of cj . If the errors in cj are Gaussian, then X2

ill be distrbuted as χ2
2N because each frequency con-

ributes two degrees of freedom. The exact minimizer of
2 (Parker, 1980; Parker and Whaler, 1981) consists of

he sum of series of delta functions in conductivity, and
o the best-fitting profile (the D+ solution) is not a geo-
hysically plausible model. To discover smoother, and
herefore more acceptable solutions, one might minimize
nstead

[σ] = X[σ]2 + λ‖dσ/dz‖2 (5)

here ‖ · ‖ is the L2 norm (Parker, 1994), and λ is a
ositive weight chosen so that the solution achieves an
cceptably small value of X2, typically about 2N. This
s regularization. Other regularizations replace the con-
uctivity with its log, use second derivatives, or include
multiplicative weight w(z) in the norm used for regu-

arization (e.g., Constable, 1993).
To minimize the functional P a model σ(z) is guessed,

2) is solved numerically, and the gradient of P with
espect to changes in σ is calculated on the basis of a
inear perturbation analysis, which gives

j[σ + �σ] = cj[σ] + 〈Dj, �σ〉 + o‖�σ‖ (6)

here �σ(z) is a perturbing function, 〈·, ·〉 is an inner
roduct, Dj is the Frechet derivative of the admittance,
hich is a function on the interval (0, H); see Parker

1994). Expressed in a finite-dimensional approxima-
ion, the inner product is just a matrix multiplication
ith a dense matrix D ∈ R

2N×L where L is the num-
er of parameters used to represent the function σ(z).
he derivatives, Dj , and hence the corresponding ma-

rix, D, can be written in terms of E(z, ωj), the solutions
o (2). The gradient of P with respect to σ is easily found
rom D, and then (5) can be minimized iteratively using
onjugate gradients (Rodi and Mackie, 2001) or some
ther scheme (Constable et al., 1987).

Models found by regularization may suggest the pres-
nce of features in the Earth, but by themselves give
o useful information about the variety of alternative
odels. To provide an answer to this question we pro-

ose a computational approach that relies on constrained
ptimization. Instead of employing the two-phase strat-
gy sketched above which alternates between solving

he forward problem and perturbing the conductivity,
e treat the complex electric fields at each frequency

s unknowns, in addition to the conductivity, in a large
onstrained optimization system. Suppose for the sake
lanetary Interiors 160 (2007) 51–59 53

of concreteness we propose to minimize the function

R[σ] =
∥∥∥∥dσ

dz

∥∥∥∥
2

(7)

the first-derivative roughness of the solution. We apply
as equality constraints the differential equations

E′′
j (z) − iωjμ0σ(z)Ej(z) = 0, j = 1, 2, . . . , N (8)

where Ej(z) = E(z, ωj); we include as constraints the
boundary conditions

E′
j(0) = −1; Ej(H) = 0, j = 1, 2, . . . , N (9)

Furthermore we impose the linear inequality constraint:

σ(z) ≥ 0 (10)

Finally, we state that the solution must match the data
adequately by means of a nonlinear inequality constraint

N∑
j=1

|cj − Ej(0)|2
ε2
j

≤ T 2 (11)

where T is a tolerance set so that the stipulated misfit
would occur only rarely by chance. Large-scale opti-
mization in which the electric fields at all points within
the model, and at all observed frequencies, are included
as unknowns along with the conductivity, has been intro-
duced to solve two- and three-dimensional regularized
inversions of electrical problems by Haber et al. (2000,
2004); they call this an “all-at-once” approach.

The calculations (8)–(10) will be applied to an
L-vector in the finite-dimensional approximation. The
optimization system set out by Eqs. (7)–(11) becomes
practical computationally only if we exploit the fact that
the differential operator in (8) is represented by a sparse
matrix, one that can be stored with order L values for
each frequency rather than L2. Furthermore, aside from
the nonlinearity in (11), the only nonlinear term here
is the multiplication of σ and Ej in (8), which makes
exact calculation of the gradients easy and fast.

The minimization of R in (7) solves a regularized in-
version, but our objective is different: we wish to place
definite limits on more informative properties of the
model than the norm of its gradient. For example, to
ascertain how small the average conductivity can be in
part of the mantle, say in the depth interval (z0, z1) km,
we would minimize

σ̄ = 1
∫ z1

σ(z) dz (12)

z1 − z0 z0

subject to the constraints (8)–(11). In fact with the algo-
rithm we have used, it is computationally more efficient
to replace (11) by (12) as a linear equality constraint for
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a series of values of σ̄, and to minimize X2 for each one.
In this way we generate a trade-off curve between mis-
fit and mean conductivity. The trade-off curve intersects
the tolerance level T 2 twice, once at the lower bound on
σ̄ and once at the upper bound. Thus we will solve the
problem

min
σ

N∑
j=1

|cj − Ej(0)|2
ε2
j

(13)

subject to (10) and

E′′
j (z) − iωjμ0σ(z)Ej(z) = 0 (14)

E′
j(0) = −1 (15)

Ej(H) = 0 (16)

1

z1 − z0

∫ z1

z0

σ(z) dz = σ̄ (17)

Notice that the positivity condition (10) is vital in
this problem, for otherwise negative conductivities
would almost certainly arise. The use of the log σ

to insure positivity, a tactic often used to avoid an
explicit inequality constraint, is unsuitable because if
the optimal conductvity vanishes anywhere (as we find
it often does) the log becomes unbounded.

The actual computational scheme we have employed
is a general optimizing program called SNOPT (Gill
et al., 2002, 2005a,b), which is based on sequential
quadratic programming (SQP) and iterative methodol-
ogy which we will outline here. SQP finds the minimizer
of an objective function f0(x) : R

n → R subject to linear
and nonlinear constraints, through a series of iterations.
The general optimization problem to be solved is

min
x,s

f0(x)

subject to lx ≤ x ≤ ux and l ≤ g(x) ≤ u
(18)

where g(x) : R
n → R

m is a vector-valued, possibly non-
linear function. Since linear inequality constraints are
easier to handle, we introduce a vector slack variables,
new unknowns, which convert (18) into a problem with
linear inequality constraints and a set of nonlinear equal-
ity constraints

min
x,s

f0(x)

subject to lx ≤ x ≤ ux, l ≤ s ≤ u and g(x) − s = 0

(19)
To enforce (19) we introduce a vector of Lagrange mul-
tipliers π, and the Lagrangian L by

L(x, π) = f0(x) − πT(g(x) − s) (20)
lanetary Interiors 160 (2007) 51–59

By elementary theory x∗, the stationary points of L,
that is, where ∇L(x∗, π∗) = 0, correspond to station-
ary points of f0 but the linear inequality conditions are
not yet satisfied. The solution to the problem is supplied
by the Karush–Kuhn–Tucker theorem (Gill et al., 1981),
which states that the minimization of L must be over the
subspace of vectors orthogonal to the gradients of the
constraints.

The approach to SQP is to solve a series of subprob-
lems with k = 1, 2, . . . called major iterations; at each
such step, a quadratic program problem is set up that
approximates the original problem based on the current
best solution vector xk, sk and the multiplier vector πk.
The modified Lagrangian is

Lk(x, xk, πk) = f0(x) − πT
k (g(x) − g(xk)

−g′(xk)(x − xk)) (21)

in which the constant and linear part of g(x) in the origi-
nal L have been removed. A quadratic approximation to
the original problem is now set up as

min
x,π,s

f0(xk) + (x − xk)T∇f0(xk)

+ 1
2 (x − xk)THk(x − xk) (22)

subject to lx ≤ x ≤ ux, l ≤ s ≤ u and g(xk)

+g′(xk)(x − xk) − s = 0 (23)

where Hk is a approximation to ∇∇Lk. Notice that the
constraints (23), both inequalities and equality, are all
linear, so that (22) and (23) is a standard quadratic pro-
gramming (QP) problem, which is solved iteratively. The
solution of the QP problem, x̂k, π̂k, ŝk, is not usually a
good point to start the next major iteration, because the
approximations may be not good enough when xk is far
from x∗. So the next point is chosen by performing a line
search on the linear interpolation joining xk, πk, sk to
x̂k, π̂k, ŝk, seeking the point that reduces f0 sufficiently
to initiate the next major iteration.

The SQP method sketched above and realized practi-
cally in SNOPT has been applied to (13)–(17) and (10),
and after application of SQP, Weidelt’s transformation is
done to account for spherical geometry. Finally, we note
that the choice of the function to minimize in (12) is sur-
prisingly restricted if informative results about averages
are to be discovered. For example, one might seek to
minimize the average of log conductivity in an interval,
which seems natural given the large range of conductiv-

ity values found in Earth materials. However, there is no
finite lower bound on the function, because a thin layer
of zero conductivity would drive the mean value of log
conductivity to negative infinity, yet such a layer would,
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Fig. 1. Complex conjugates of admittances used in inversion along
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f thin enough, have negligible effect on the admittances.
he same argument applies to averages of resistivity.

. Results from global sounding data sets

Because we are considering the one-dimensional MT
nverse problem, we desire data that represent average ra-
ial structure over large areas. Two data sets that have this
roperty are from Constable (1993) and Olsen (1999).
onstable provides a 15 complex point set compiled

rom land observatories around the globe. Olsen com-
iles a set of 23 complex points from land observatories
n Europe only, but over a much larger frequency range
han Constable used. We would like to invert a com-
ination of these data sets so our conclusions can be as
trong as possible. However, we need to make sure we are
nverting a data set that is indeed representative of one-
imensional structure. We use the D+ solution discussed
arlier as a guide for selecting a one-dimensional data
et by checking that the exact minimizer of X2 ≈ 2N

Parker, 1980; Parker and Whaler, 1981). The combined
et of all 38 admittances has a D+ solution with X2 too
arge. The most significant contributors to the large X2

re the longest and shortest period admittances from the
et Constable compiled, and the 6-month period and 10-
ay period admittance from the set Olsen compiled. We
emove these four admittances from the combined data
et on the following justifications in respective order.

1) As discussed by Petersons and Constable (1996), as
the period gets longer in the data from Constable, the
P1

0 source-field assumption used in the calculation
of the admittance breaks down. Olsen does not make
a P1

0 source-field assumption in his long period data.
2) The shorter period data explore shallower structure.

Presumably shallower structure has more global
variation than deeper structure so the European bias
from the data complied by Olsen would be expected
to represent a one-dimensional structure that differs
from the average global one-dimensional structure.
We choose to keep the short period data from the Eu-
ropean compilation and remove the global shortest
period datum to make the sets compatible. An anal-
ysis of daily variation was used in the collection of
the short period European admittances making them
more reliable than those relying on the P1

0 assump-
tion. We accept the risk that we may be biasing the
shallow inversion results towards Europe.
3) Olsen himself excludes the 6-month period ad-
mittance from his analysis of his European com-
pilation since the assumption about the relative
noise-to-signal ratio he made may fail at that period.
with error bars. Note that the error bar for the longest period imaginary
admittance runs off of the plot. The data from Constable (1993) are
plotted as circles and the data from Olsen (1999) as horizontal bars.
The lines are the D+ solution.

(4) The only surprising part of the D+ solution on the
combined 38 admittance set was the large contribu-
tion of the 10-day period datum from Olsen to the
overall X2. This datum has an error bar half the size
of those of the surrounding data. Since we have no
basis for adjusting the error, we removed this data
point.

The combined 34 admittance set is plotted in Fig. 1
along with the D+ solution. The D+ solution puts a
perfect conductor at 2430.5 km, which corresponds to
the top of the core after Weidelt’s spherical transfor-
mation. The minimum X2 is 72, reasonable for a one-
dimensional data set of this size.

We perform the optimization with the combined data
set and find bounds on σ̄ of (12) over parts of the man-
tle. Interesting parts of the mantle are the upper man-
tle (0, 410) km, the transition zone (410, 670) km, and
the top 1000 km of the lower mantle (670, 1670) km.
Sensing the bottom of the lower mantle is problematic
because very long time-series of the magnetic fields are
needed and furthermore it is difficult to properly remove
the secular variation prior to the estimation of the ad-
mittance functions. Thus we prefer to limit our results
to the top of the lower mantle. We assume the errors
in cj are Gaussian and choose the tolerance level T 2 of
Eq. (11) to be the 90% left-tail probability, i.e. level,
of the χ2

2N distribution. We solve for σ(zk) at discrete
points k = 1, 2, . . . , K, as this is a numerical optimiza-
tion problem. The optimization was done with K = 21,
K = 31, and K = 61; no significant difference in the

bounds resulted. The reported bounds have K = 31. Be-
cause the discrete points are evenly spaced in the cho-
sen computational framework, the actual regions of the
mantle are (0, 418), (418, 672), and (672, 1666) km. The
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Table 1
90% χ2 level bounds on the average value of conductivity, σ̄

Added constraints σ̄ in (S m−1) for depth interval in (km)

[0, 418] [418, 672] [672, 1666]

Nonea 0.002 ≤ σ̄ ≤ 0.025 0.020 ≤ σ̄ ≤ 0.276 1.09 ≤ σ̄ ≤ 2.76
0.120 ≤ σ̄ ≤ 0.193 1.61 ≤ σ̄ ≤ 2.10

ments give us empirical equations relating the conductiv-
ity of the material to its temperature. Clearly the conclu-
sions we draw will only be as reliable as the laboratory
results but we must start somewhere.

We first look at the upper mantle. The mineral-
ogy of the upper mantle is dominated by olivine. The
next most abundant mineral is clinopyroxene, which
has a conductivity–temperature relationship similar to
that of olivine and so models of upper mantle conduc-
tivity are often based on olivine. We used the SEO3
model for the olivine temperature–conductivity relation-
ship (Constable, 2006). SEO3 is based on a Boltzmann
model of defect mobilities and concentrations obtained
from relatively low-temperature conductivity and ther-
mopower measurements on a natural, silica-buffered,
rock, thus avoiding the alteration that often occurs dur-
ing high-temperature laboratory measurements of con-
ductivity. See Constable (2006) for the equations. Recent
measurements on single crystal olivine by Du Frane et
al. (2005) have a much lower apparent activation energy,
and would result in much higher temperature bounds.
The Du Frane et al. paper serves to illustrate the difficulty
Monotonicityb 0.013 ≤ σ̄ ≤ 0.017
a Conductivity allowed to increase and decrease with depth.
b Conductivity allowed to only increase with depth.

resulting bounds on σ̄ over the three parts of the mantle
are given in Table 1.

These bounds are not based on regularization but
cover all possible conductivity profiles, including highly
oscillatory ones. Technically, we have tested the hypoth-
esis that the greatest value of the mean conductivity in the
suite of all models consistent with the data falls below the
stated bound; the test is performed at the 90% probability
level. The lower bound is obtained in a similar way. The
interval between the bounds does not correspond to the
standard 90% confidence interval for average conductiv-
ity as we have not made a statistical estimate of average
conductivity itself. Although the bounds are fairly re-
strictive, we can narrow them further if we are willing
to make additional assumptions. To the first-order, con-
ductivity is a thermally activated Boltzmann process of
the form

σ = σ0e−A/kT (24)

for a constant σ0, activation energy A, Boltzmann’s con-
stant k, and temperature T. Thus it is commonly ac-
cepted that conductivity increases monotonically with
depth due to increasing temperature, or

dσ

dz
≥ 0 (25)

We add (25) as a constraint to our previous optimization
problem (13)–(17), and achieve more restrictive bounds
on σ̄ reflected in Table 1.

We show the bounds in Fig. 2. The gray boxes are
the ranges of average conductivity without constrain-
ing (25), monotonicity of σ. The black boxes are the
restricted ranges with monotonicity. We stress that the
regions delineated in Fig. 2 are not error bars for a partic-
ular model of conductivity; they indicate the permitted
range in average conductivity of every possible model
that fits the sounding data. We now proceed to draw con-
clusions about mantle properties from these bounds.
4. Mantle temperature

The conductivity of likely materials of the mantle has
been studied extensively in the laboratory. These experi-

Fig. 2. Bounds on average conductivity. The gray boxes are the ranges
without constraining monotonicity of σ; the black are the restricted
ranges with monotonicity.
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hat still exists in obtaining representative laboratory data
ets, as well as the gaps that remain in our understand-
ng of electrical conduction mechanisms, even in well-
tudied minerals such as olivine. Until these gaps are
lled, our use of SEO3 is based on a preference for data
riginating from poly-phase, poly-crystalline samples,
nd the thermodynamic model behind the temperature
xtrapolation.

Using the SEO3 model for a mantle at an
xygen fugacity determined by the quartz–fayalite–
agnetite buffer, our monotonic bounds of 0.013
σ̄ ≤ 0.017 S m−1 predict an average temperature of

409–1430 ◦ C, in excellent agreement with conven-
ional estimates of an adiabatic mantle temperature
Schubert et al., 2001). The temperature bounds are
ighly dependent on the conductivity model chosen, and
ven other parameters such as mantle oxygen fugacity.
or example, using our bounds the SEO3 model predicts
n average temperature range of 1515–1539 ◦C for man-
le with an iron-wüstite buffer. However, all calculated
anges are too close to the conventionally accepted tem-
eratures to support the idea of a significant conductivity
ssociated with volatile content in the upper mantle (e.g.,
arato, 1990).
We perform a similar comparison with the labo-

atory research on the likely conductors of the lower
antle. The conductivity of the lower mantle is most

ikely governed by silicate perovskite containing 4 to
% Al2O3 by weight (Xu et al., 1998). Although the
ower mantle is 20% magnesiowüstite by volume, the
erovskite phase is thought to be not insulating enough
nd the magnesiowüstite not interconnected enough
or magnesiowüstite to contribute significantly to the
onductivity structure of the lower mantle (Martinez
t al., 1997; Xu et al., 1998). Xu et al. propose the
ollowing model of the aluminum-bearing perovskite
onductivity

(S m−1) = 74 e−0.70 eV/kT (26)

e calculate the average temperature of the top 1000 km
f the lower mantle as we did with the entirety of the
pper mantle. We assume monotonic growth of σ with
epth so that 1.61 ≤ σ̄ ≤ 2.10 S m−1. Then with (26)
e constrain the average temperature of the top of the

ower mantle to be be 1849–2008 ◦C, within the range
btained by considering the adiabatic gradient (Schubert

t al., 2001). If the magnesiowüstite is considered inter-
onnected, the calculated average temperature would be
mplausibly low since magnesiowüstite is much more
onductive than aluminum-bearing perovskite (Dobson
nd Brodholt, 2000).
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5. Water content of the transition zone

High pressure phases of olivine control the con-
ductivity of the transition zone. Olivine deforms into
its �-phase, Wadsleyite, at 410 km and its �-phase,
Ringwoodite, at 520 km. These minerals have a much
higher water solubility than that of the upper and lower
mantle minerals, and Bercovici and Karato suggested in
2003that the transition zone may act as a water reservoir.
Furthermore, they proposed that the water content of the
transition zone may exceed the critical concentration so
that water pools and creates partial melt at the 410 km
seismic discontinuity. Melt here would have a large
effect on the geochemical cycling in Earth. The critical
concentration of water would be reached if the transition
zone had more water than the storage capacity of the
upper mantle. This storage capacity was originally
inferred by Kohlstedt et al. (1996) as 0.16 wt.% water.
However, recently Hirschmann et al. (2005) suggest
that Kohlstedt et al. underestimated the water concen-
tration in olivine by their use of the Paterson method
(Paterson, 1982) and give a revised minimum capacity
of 0.4 wt.%. So, do our conductivity bounds support a
water content of more than 0.4 wt.% in the transition
zone?

Huang et al. (2005) give an empirical conductivity
model of the transition zone as a function of water con-
tent and temperature based on the equation

σWad,Lab (S m−1) = 380 C0.66 e−0.91 eV/kT (27)

for Wadsleyite, and

σRing,Lab (S m−1) = 4070 C0.69 e−1.08 eV/kT (28)

for Ringwoodite, where σLab is the conductivity esti-
mated in the laboratory and C is water content by weight
percent. Finally they set σEarth ≈ 0.5σLab to correct labo-
ratory oxygen fugacity to Earth oxygen fugacity. Notice
that for a given C, σRing > σWad, supporting monotonic
growth of σ for a transition zone with Ringwoodite oc-
curring deeper than Wadsleyite.

We take a rough average of our calculated upper
and lower mantle temperatures to get a typical transi-
tion zone temperature of 1600 ◦C. Huang et al. assume
a similar temperature and also note that temperature has
a small effect on conductivity relative to the effect of
water. We then use our calculated bounds on conduc-
tivity to find the possible range of average water con-
tent in the transition zone. Again assuming monotonic

growth of conductivity with depth, we have the transi-
tion zone bounds 0.120 ≤ σ̄ ≤ 0.193 S m−1. These give
us 0.08–0.15 wt.% average water content if the tran-
sition zone was composed entirely of Wadsleyite, and
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0.01–0.02 wt.% if it was only Ringwoodite. However, if
we do have melt then monotonicity will not hold locally
around 410 km and our upper bound on the transition
zone average conductivity must change to 0.276 S m−1,
or 0.27 wt.% water for an all Wadsleyite composition
(0.04 wt.% water for all Ringwoodite). These are simple
pessimistic end-member models which allow us to cal-
culate water content bounds independent of the compli-
cations of mixing laws, mineral fractions, and properties
of other minerals in the transition zone. As stated earlier,
the transition zone is believed to be over half Ringwood-
ite. Thus our monotonic conductivity bounds support a
water content of � 0.4 wt.%, suggesting that there will
not be melt or water pooling at the 410 km seismic dis-
continuity.

6. Conclusions

We have used an optimization method to recover
radially averaged conductivity from geomagnetic
sounding data, a nonlinear inverse problem. The
optimization method allowed us to find bounds on the
average conductivity over parts of the mantle, and to
add constraints to tighten these bounds. We did not
use regularization. We then used these bounds to draw
conclusions about the temperature and water content of
the mantle through empirical relations measured in the
laboratory. Our conclusions clearly are dependent on
the fidelity of the laboratory measurements.

Our upper mantle bounds along with the laboratory
conductivity model of dry olivine constrain the average
temperature to be 1409–1539 ◦C, which is close to con-
ventionally accepted temperatures. If the mantle oxygen
fugacity is known this range can be tightened further.
In any case, our work supports an almost volatile-free
upper mantle. The lower mantle calculations are based
on laboratory conductivity studies of perovskite with
aluminum. Here our conductivity bounds constrain the
average temperature of the top 1000 km of the lower
mantle as 1849–2008 ◦C, again agreeing with conven-
tional values. Using an assumed average temperature
of 1600 ◦C in the transition zone, our bounds constrain
an absolute upper limit on average water content of the
transition zone of 0.27, or 0.15 wt.% for a monotonic
conductivity profile. This is for a completely Wads-
leyite transition zone; as Ringwoodite is added to the
composition the upper limit decreases fractionally. We
conclude that the transition zone is unlikely to have melt

or water pooling at the 410 km seismic discontinuity as
a global feature. As our conductivity bounds are radial
averages, local melt or pooling is possible as long as the
net conductivity is balanced elsewhere.
lanetary Interiors 160 (2007) 51–59

The code used in generating average conductivity
bounds from any given set of admittances is available
at http://igppweb.ucsd.edu/∼parker/software.htm.
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