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Electromagnetic Induction and
the Magnetotelluric Method

Steven Constable
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Why electrical methods? Electrical conductivity varies over 5 orders of magnitude in common Earth 
materials.  Conductivity can also be expressed as resistivity:
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Northwestern USA, from US Array: Meqbel et al., EPSL, 2014



AUSLAMP: Duan et al., 2021 Geoscience Australia 
report

Subduction beneath Argentina: Booker, 
Favetto, & Pomposiello, Nature, 2004
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Induced currents

Electromagnetic Induction:

A magnetic field that varies in time or space induces 
electric currents in conductors, just as in a power 
transformer.

These currents generate secondary magnetic fields, 
that

a) are in a different direction
b) are a different magnitude
c) are a different phase

than the primary fields.
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1 pT = 10-12 Tesla : Earth’s field is 30-60 µT (10-6 T)
So, this signal is one hundred millionth of the main field.

The solar wind drives changes
in Earth’s magnetic field 
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 field in the ground through

 induction
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Global lightning for April 1998 by triangulation:

Füllekrug and Constable, 2000

A single lightning strike in April 1998 measured on 
three magnetometers. 

9

On land one also sees signals from global 
lightning strikes.
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1950:  A.N. Tikhonov, T. Rikitake, Y. Kato, and T. Kikuchi developed mathematical descriptions for 
the relationship between induced electric and magnetic fields.

1953: Louis Cagniard described a practical method to use measurements of magnetic and electric 
fields to estimate Earth conductivity, and called it the magnetotelluric method.

Enter the electric field and the magnetotelluric (MT) method.

 is resistivity (one over conductivity) (Ωm)
T is period (seconds) 
E is electric field as period T  (V/m)
H is magnetizing field at period T (A/m)

ρ



digging in a magnetometer
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electrode wires
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Some terminology:

 is electrical conductivity, units S/m (S = 1/Ω).   Relates . 

 is electrical resistivity, units Ωm.  Just the reciprocal of conductivity. 
B is magnetic field, units of Tesla, although nT is more useful in geophysics.  Also called flux density.

H is magnetizing field, units of A/m.  A mathematical construct.  Also called magnetic field.

E is the electric field, units V/m.  The field created by a charge.

J is electric current density, units A/m2 . Flow of charge through a material.

 is magnetic permeability.  A measure of how well a material magnetizes.  Relates .  

 is permeability of free space.  Almost exactly  Tm/A (H/m).

 is electric permittivity.  A measure of how charges polarize in a material.  Relates .

 is permittivity of free space.  It is  8.85   C/(Vm) (F/m).

σ J = σE
ρ

μ B = μH
μo 4π × 10−7

ϵ D = ϵE
ϵo 1/c2μo ≈ × 10−12
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<latexit sha1_base64="L/i850KglES1GpeblHVp/MbJulY=">AAACHHicbVBJSwMxGM3Urdat6tFLsAieyoy4XQoFEQQPtmAX6JSSyWTa0MxkSL4RyjDgL/HiX/GgiBcFwX9julxafRB4ee/L8p4XC67Btn+s3NLyyupafr2wsbm1vVPc3WtqmSjKGlQKqdoe0UzwiDWAg2DtWDESeoK1vOHV2G89MKW5jO5hFLNuSPoRDzglYKReseLyCHruXcj6BKeuF+DrzKW+BLNRIfaziaYzXMFp3ZXmKuyyWHNhDsusVyzZZXsC/Jc4M1JCM9R6xVfXlzQJWQRUEK07jh1DNyUKOBUsK7iJZjGhQ9Jn6SRcho+M5ONAKrMiwBN1bo6EWo9Cz0yGBAZ60RuL/3mdBILLbsqjOAEW0elDQSIwSDxuCvtcMQpiZAihipsfYjogilAwfRZMdGcx6F/SPCk75+Wz+mmpevs4LSGPDtAhOkYOukBVdINqqIEoekZv6BN9WU/Wi/VufUxHc9asuH00B+v7F4LgoeU=</latexit>Z

⌦
E · ds = Q

✏o

<latexit sha1_base64="w4lCz4GeoHpEr3nfarY0+Iczv1Y=">AAACDHicbVDLSgMxAMz6rPW16tFLsAheLLvi6yIURBC8VLAPaErJptk2NJssSVYoy4Jf4MVf8SLiRUH8Bf/GbNtLWwcCw8yEZCaIOdPG836dhcWl5ZXVwlpxfWNza9vd2a1rmShCa0RyqZoB1pQzQWuGGU6bsaI4CjhtBIPr3G88UqWZFA9mGNN2hHuChYxgY6WOe4wEDjhGpCtNioIQ3mTwCqZI9SVE0t6EiMaacZuVWbHjlryyNwKcJ/6ElMAE1Y77g7qSJBEVhnCsdcv3YtNOsTKMcJoVUaJpjMkA92g6KpPBQyt1YSiVPcLAkTqVw5HWwyiwyQibvp71cvE/r5WY8LKdMhEnhgoyfihMODQS5svALlOUGD60BBPF7A8h6WOFibH75dX92aLzpH5S9s/LZ/enpcrd03iEAtgHB+AI+OACVMAtqIIaIOAFvIFP8OU8O6/Ou/Mxji44k+H2wBSc7z/6KJss</latexit>

r ·E =
⇢

✏o
Gauss’ Law:

Q is charge, C
 is charge density, C/m3

 is permittivity of free space, 8.895 x 10-12 F/m
ρ
ϵo

Gauss’ Law says that the electric field leaving a volume is proportional to the enclosed 
charge.

Q

E
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Faraday’s Law:

 is magnetic fluxΦB

Faraday’s Law says that the electric field integrated around a loop (i.e. the voltage) is 
given by the time rate of change of the enclosed magnetic flux.

<latexit sha1_base64="CMnaWbciHIbv33JdHOVPTNsGRFw=">AAACJXicbVDLSgMxFM34rPVVdekmWAQ3lhnxtRGKoghuKtgHOGXIZDI2NDMZkjtCGQb8Gzd+iBs3IoIo+CumDxetHgicnHu4yTl+IrgG2/6wpqZnZufmCwvFxaXlldXS2npDy1RRVqdSSNXyiWaCx6wOHARrJYqRyBes6XfP+vPmPVOay/gGeglrR+Qu5iGnBIzklS5cyWPwKM5cP8TnuUsDCeaiIhzkA03k+ATv4mykubUO906xK83WXx/kXqlsV+wB8F/ijEgZjVDzSs9uIGkasRioIFrfOnYC7Ywo4FSwvOimmiWEdskdywYpc7xtpACHUpkTAx6oYz4Sad2LfOOMCHT05Kwv/je7TSE8bmc8TlJgMR0+FKYCg8T9ynDAFaMgeoYQqrj5IaYdoggFU2zRRHcmg/4ljb2Kc1g5uN4vV68ehiUU0CbaQjvIQUeoii5RDdURRU/oFX2iL+vRerHerPehdcoaFbeBxmB9/wBFR6S9</latexit>I

c
E · dl = �d�B

dt

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t

E

dB
dt
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Gauss’ Law 
(magnetism):

Gauss’ Law for magnetism says that there are no magnetic monopoles.  Any magnetic 
flux entering a volume has to leave it.

<latexit sha1_base64="5D+44GtCXLW0nGydk1Me61+jefM=">AAACC3icbVBLSwMxGMzWV62vVY9egkXwIGVXfF2EohfBgxXsA7qlZLPZNjT7IPlWKMuCf8CLf8WLiBcFwb/gvzHd9tLWgcBkZiCZcWPBFVjWr1FYWFxaXimultbWNza3zO2dhooSSVmdRiKSLZcoJnjI6sBBsFYsGQlcwZru4HrkNx+ZVDwKH2AYs05AeiH3OSWgpa555PAQus5dwHoEp47r46vMoV4E+iID7GW5pjJ8iS3cNctWxcqB54k9IWU0Qa1r/jheRJOAhUAFUaptWzF0UiKBU8GykpMoFhM6ID2W5l0yfKAlD/uR1CcEnKtTORIoNQxcnQwI9NWsNxL/89oJ+BedlIdxAiyk44f8RGCI8GgY7HHJKIihJoRKrn+IaZ9IQkHPV9LV7dmi86RxXLHPKqf3J+Xq7dN4hCLaQ/voENnoHFXRDaqhOqLoBb2hT/RlPBuvxrvxMY4WjMlwu2gKxvcf7TmZ4w==</latexit>Z

⌦
B · ds = 0

<latexit sha1_base64="2S0te2A/xV0SFDNLrwWsC0TJfNY=">AAAB93icbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2EohvBTQX7gKaUyWTSDp3MhJkboYSKf+JGxI2Cf+Ev+DcmbTdtPXDhcM6Be+/xY8ENOM6vVVhaXlldK66XNja3tnfs3b2GUYmmrE6VULrlE8MEl6wOHARrxZqRyBes6Q9uc7/5xLThSj7CMGadiPQkDzklkEld+wB7kviCeDRQkHp+iG9G+Bo7pa5ddirOGHiRuFNSRlPUuvaPFyiaREwCFcSYtuvE0EmJBk4FG5W8xLCY0AHpsXR89wgfZ1KAQ6WzkYDH6kyORMYMIz9LRgT6Zt7Lxf+8dgLhVSflMk6ASTpZFCYCg8J5CTjgmlEQw4wQqnl2IaZ9ogmFrKr8dXf+0UXSOK24F5Xzh7Ny9f5lUkIRHaIjdIJcdImq6A7VUB1R9Ize0Cf6sobWq/VufUyiBWta3D6agfX9B+QikY4=</latexit>

r ·B = 0

B
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Ampere’s Law:

I is electric current, A
J is electric current density, A/m2

 is the permeability of free space, about 4  x 10-8 H/mμo π

Ampere’s Law says that an electric current will generate a circulating magnetic field.

<latexit sha1_base64="MWGURTC3cBix6EZNARI3enP6ET8=">AAACDXicbVBLSwMxGMzWV62vqkcvwSJ4Krvi6yIUvSheKtgHdMuSzWbb0OxmSb4VSlnwH3jxr3gR8aKgf8F/Y7rtpdWBwGRmIJnxE8E12PaPVVhYXFpeKa6W1tY3NrfK2ztNLVNFWYNKIVXbJ5oJHrMGcBCsnShGIl+wlj+4GvutB6Y0l/E9DBPWjUgv5iGnBIzklauu5DF4FI9cP8SXmUsDCeaiIhxkuSYyfIHdKPUkvsFeuWJX7Rz4L3GmpIKmqHvlbzeQNI1YDFQQrTuOnUB3RBRwKlhWclPNEkIHpMdGeZsMHxgpwKFU5sSAc3UmRyKth5FvkhGBvp73xuJ/XieF8Lw74nGSAovp5KEwFRgkHk+DA64YBTE0hFDFzQ8x7RNFKJgBS6a6M1/0L2keVZ3T6sndcaV2+zgZoYj20D46RA46QzV0jeqogSh6Rq/oA31aT9aL9Wa9T6IFazrcLpqB9fULge6awg==</latexit>I

c
B · dl = µoI

<latexit sha1_base64="BUBwk7jqp+bbAULo/gBPEo7JUMI=">AAACBnicbVDLSsNAANzUV62vqEcvi0X0VBLxdRGKXkQvFewDmlI22027dB9hdyOUEPDoxV/xIuJFwaO/4N+YNL20dWBhdmZgd8YPGdXGcX6twsLi0vJKcbW0tr6xuWVv7zS0jBQmdSyZVC0facKoIHVDDSOtUBHEfUaa/vA685uPRGkqxYMZhaTDUV/QgGJkUqlrH3oC+QxBz1BONIw9P4BXCbyEHo+6Mr/fJrDUtctOxRkDzhN3QspgglrX/vF6EkecCIMZ0rrtOqHpxEgZihlJSl6kSYjwEPVJPK6RwINU6sFAqvQIA8fqVA5xrUfcT5McmYGe9TLxP68dmeCiE1MRRoYInD8URAwaCbNNYI8qgg0bpQRhRdMfQjxACmGTLpdVd2eLzpPGccU9q5zen5Srd0/5CEWwB/bBEXDBOaiCG1ADdYDBC3gDn+DLerZerXfrI48WrMlwu2AK1vcfbHWXXg==</latexit>

r⇥B = µoJ

B

I
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<latexit sha1_base64="w4lCz4GeoHpEr3nfarY0+Iczv1Y=">AAACDHicbVDLSgMxAMz6rPW16tFLsAheLLvi6yIURBC8VLAPaErJptk2NJssSVYoy4Jf4MVf8SLiRUH8Bf/GbNtLWwcCw8yEZCaIOdPG836dhcWl5ZXVwlpxfWNza9vd2a1rmShCa0RyqZoB1pQzQWuGGU6bsaI4CjhtBIPr3G88UqWZFA9mGNN2hHuChYxgY6WOe4wEDjhGpCtNioIQ3mTwCqZI9SVE0t6EiMaacZuVWbHjlryyNwKcJ/6ElMAE1Y77g7qSJBEVhnCsdcv3YtNOsTKMcJoVUaJpjMkA92g6KpPBQyt1YSiVPcLAkTqVw5HWwyiwyQibvp71cvE/r5WY8LKdMhEnhgoyfihMODQS5svALlOUGD60BBPF7A8h6WOFibH75dX92aLzpH5S9s/LZ/enpcrd03iEAtgHB+AI+OACVMAtqIIaIOAFvIFP8OU8O6/Ou/Mxji44k+H2wBSc7z/6KJss</latexit>

r ·E =
⇢

✏o

Maxwell’s Equations (in a vacuum):

The extra term in Ampere’s Law was added by Maxwell to allow fields to exist without charges or currents.  
This allows electromagnetic radiation to propagate in a vacuum with speed c, where .  But 
this term is small in MT.

c2 = 1/(μoϵo)

<latexit sha1_base64="2S0te2A/xV0SFDNLrwWsC0TJfNY=">AAAB93icbVDLSsNAFJ3UV62vqBvBzWARXJVEfG2EohvBTQX7gKaUyWTSDp3MhJkboYSKf+JGxI2Cf+Ev+DcmbTdtPXDhcM6Be+/xY8ENOM6vVVhaXlldK66XNja3tnfs3b2GUYmmrE6VULrlE8MEl6wOHARrxZqRyBes6Q9uc7/5xLThSj7CMGadiPQkDzklkEld+wB7kviCeDRQkHp+iG9G+Bo7pa5ddirOGHiRuFNSRlPUuvaPFyiaREwCFcSYtuvE0EmJBk4FG5W8xLCY0AHpsXR89wgfZ1KAQ6WzkYDH6kyORMYMIz9LRgT6Zt7Lxf+8dgLhVSflMk6ASTpZFCYCg8J5CTjgmlEQw4wQqnl2IaZ9ogmFrKr8dXf+0UXSOK24F5Xzh7Ny9f5lUkIRHaIjdIJcdImq6A7VUB1R9Ize0Cf6sobWq/VufUyiBWta3D6agfX9B+QikY4=</latexit>

r ·B = 0

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t
<latexit sha1_base64="FP2oIK3IGCHTEEow14fzD6dArbQ="></latexit>

r⇥B = µo

✓
J+ ✏o

@E

@t

◆

M E

distance

λ
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In Matter we need constitutive relationships:

 is electric susceptibility (dimensionless)
 is magnetic susceptibility  (dimensionless)

 is electrical conductivity, S/m 

χE
χM
σ

The last equation is Ohm’s Law, but these are approximations!  Matter does not have to be 
linear and isotropic.  For example, there will be saturation phenomena. 

<latexit sha1_base64="uDTsmlGbaGwt0rZIjFj1qDU0yNg=">AAACA3icbVBLS8NAGNzUV42vqEcvi1XwVBLxdREKUhC8VLAPaErYbDft0k027G6EEgJevPhXvIh4UfDuX/DfuEl7aevAwjAzsN+MHzMqlW3/GqWl5ZXVtfK6ubG5tb1j7e61JE8EJk3MGRcdH0nCaESaiipGOrEgKPQZafujm9xvPxIhKY8e1DgmvRANIhpQjJSWPOsodf0ANjJ4DV0SS8q0yF08pF4dFlY9M03PqthVuwBcJM6UVMAUDc/6cfscJyGJFGZIyq5jx6qXIqEoZiQz3USSGOERGpC06JDBYy31YcCFfpGChTqTQ6GU49DXyRCpoZz3cvE/r5uo4KqX0ihOFInw5KMgYVBxmA8C+1QQrNhYE4QF1RdCPEQCYaVny6s780UXSeu06lxUz+/PKrW7p8kIZXAADsEJcMAlqIFb0ABNgMELeAOf4Mt4Nl6Nd+NjEi0Z0+H2wQyM7z+U+5Zn</latexit>

P = ✏o�EE
<latexit sha1_base64="GumZGLb3GKs5Cn880W6eOFNOjXM=">AAACB3icbVBNS8MwAE3n16xfVY9egkPYabTi10UYehFkMMF9wDpKmqVbWNqUJBVGKXj14l/xIuJFwZt/wX9j2u2y6YPA470Xkvf8mFGpbPvHKC0tr6yuldfNjc2t7R1rd68teSIwaWHOuOj6SBJGI9JSVDHSjQVBoc9Ixx9f537ngQhJeXSvJjHph2gY0YBipLTkWdXU9QPYyOAlTF08ol4DulxfgG6YeDyDhX2VmaZnVeyaXQD+Jc6MVMAMTc/6dgccJyGJFGZIyp5jx6qfIqEoZiQz3USSGOExGpK06JHBIy0NYMCFPpGChTqXQ6GUk9DXyRCpkVz0cvE/r5eo4KKf0ihOFInw9KEgYVBxmI8CB1QQrNhEE4QF1T+EeIQEwkpPl1d3Fov+Je3jmnNWO707qdRvH6cjlMEBOARV4IBzUAc3oAlaAINn8Ao+wKfxZLwYb8b7NFoyZsPtgzkYX78n9ZfJ</latexit>

M =
�M

µo
B

<latexit sha1_base64="czyjO+cRNBHBBFC+3hEwJQWLxoM=">AAAB+nicbVDLSsNAFL2prxpfUZfdDBbBVUnE10YoiCC6qWAf0JQymU7aoZMHMxOhxID+ihsRNwp+hL/g35hHN209cOFwzoF773FCzqQyzV+ttLS8srpWXtc3Nre2d4zdvZYMIkFokwQ8EB0HS8qZT5uKKU47oaDYczhtO+OrzG8/UiFZ4D+oSUh7Hh76zGUEq1TqG5XYdlx0ixJ0iWzJhh5GuXKd6HrfqJo1MwdaJNaUVGGKRt/4sQcBiTzqK8KxlF3LDFUvxkIxwmmi25GkISZjPKRxfnqCDlNpgNxApOMrlKszOexJOfGcNOlhNZLzXib+53Uj5V70YuaHkaI+KRa5EUcqQFkPaMAEJYpPUoKJYOmFiIywwESlbWWvW/OPLpLWcc06q53en1Trd89FCWWowAEcgQXnUIcbaEATCLzAG3zCl/akvWrv2kcRLWnT4vZhBtr3Hzaukjw=</latexit>

J = �E

+
-

+
-

+
-
+
-

+
-
+
-

+
-

+
-

+
-

E or B

P is electric polarization density, C/m2

M is magnetization, A/m
J is electric current density, S/m

Ohm
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M = �MH
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primary magnetic 
field

electric field 
and current

secondary

m
agnetic

field

primary magnetic 
field

electric field 
and current

primary magnetic 
field

electric field 

�

C
E · dl = �d�

dt
J = �E

�

C
B · dl = µI

Ampere’s LawOhm’s LawFaraday’s Law

Electromagnetic induction in pictures and equations:

In a conductor this drives an 
electric current.

Which generates another 
magnetic field.

A time varying magnetic field 
will generate an electric field.
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Because of the minus sign in Faraday’s Law, the 
secondary field opposes the changes in the primary 
field. The consequence of this is that conductive 
rocks absorb variations in EM fields more than 
resistive rocks.

This absorption is exponential:

primary magnetic 
field

electric field 
and current

secondary

m
agnetic

field

E(z) = Eoe
�z/zs

The rate of absorption is given by the skin depth, , which 
depends on rock resistivity and period: High resistivity, long 
periods = large skin depths, greater penetration. 

zs

�

C
E · dl = �d�

dt
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zs =

r
2

!µ�
=

s
⇢T

⇡!µ

 is angular frequency.ω = 2πf
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“Skin effect” describes the tendency for current to flow in the skin of a conductor.  I (and many others) 
used to think that it was the reason that the high voltage from an RF Tesla coil didn’t kill people, but 
that’s not the case.  The skin depth in people at RF frequencies is 25 cm or more.  

Wikipedia commons

Turns out that RF the nervous system 
is insensitive to RF currents.



Substitute Ohm’s Law into Ampère’s Law:

J = �E r⇥ B = µoJ

to get

r⇥ B = µo�E

Take the curl of this and use Faraday’s Law (r⇥ E = �@B/@t):

r⇥r⇥ B = µo�r⇥ E ! r⇥r⇥ B = �µo�
@B
@t

Now we need the vector identityr⇥ (r⇥A) = r(r · A)�r2A to get

r(r · B)�r2B = �µo�
@B
@t

But, the no-monopoles law says that r · B = 0, so ...

Let’s derive the skin depth equation:
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r2B = µo�
@B

@t



r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

<latexit sha1_base64="mLWY6358izXOffJP8HR0FwkI7GA=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kRXwuFogiCmwr2AZ1SMmmmDc0kQ5IRyjDgj7jxV9wUcaPgwr8x0xahrQcCh3Mu9+YcP2JUacf5sXILi0vLK/nVwtr6xuaWvb1TUyKWmFSxYEI2fKQIo5xUNdWMNCJJUOgzUvf7N5lffyJSUcEf9SAirRB1OQ0oRtpIbfvS48hnCHqahkTBxPMDeJvCK3iUeBGSmiI2Fq9T6AmzCf7JOm3bRafkjADniTshRTBBpW0PvY7AcUi4xgwp1XSdSLeSbCFmJC14sSIRwn3UJckoWwoPjNSBgZDmcQ1H6tQcCpUahL6ZDJHuqVkvE//zmrEOLloJ5VGsCcfjQ0FsYgmYFQU7VBKs2cAQhCU1P4S4hyTC2tRZMNHd2aDzpHZccs9Kpw8nxfL987iEPNgD++AQuOAclMEdqIAqwOAVDMEn+LJerDfr3foYj+asSXG7YArW9y9QbKCY</latexit>

r⇥E = �@B

@t



r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

up until this 
point everything 

was general 



r2B = µo�
@B
@t

Similarly, we can take the curl of Faraday’s Law and substitute Ampère’s

and Ohm’s Laws to get

r⇥r⇥ E = � @

@t
(r⇥ B) ! r⇥r⇥ E = �µo�

@E
@t

To pull the same vector identity trick we need to user · (r⇥A) = 0 on

Ampère’s Law (r⇥ B = µoJ) to get

r · J = 0 which for constant �o gives r · E = 0

so

r2E = µo�o
@E
@t

These equations in B and E are diffusion equations.

up until this 
point everything 

was general 

air, � = 0

earth, � = �o

now we need the idea of a half-space



These equations in E and B are Diffusion Equations :

time

depth

We can define a diffusivity 

Amplitude decays as t-1 and depth as t1/2.  Not as bad as heat flow: We can choose time dependence 
through frequency to alter  the decay rate through skin depth.

@B

@t
= ⌘r2B⌘ = 1/(µo�o)
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r2B = µo�
@B

@t
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r2E = µo�
@E

@t

so that 
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Now it is time to consider a single frequency !, so

B(t) = Bei!t and
@B
@t

= i!B

and the same for E, so our diffusion equations become

r2E = i!µo�oE and r2B = i!µo�oB

For external sources of B, at Earth’s surface B is purely horizontal and uniform. Then

B = Boe
iwt

and our diffusion equation is
d2B

dz2
= k2B(z)

where z is depth and we have defined a complex wavenumber k2
= i!µo�o.

d2B
dz2 = k2B(z) is a second order linear ODE with solutions of the form

B(z) = c1e
kz

+ c2e
�kz

The first term grows with depth so c1 = 0, and for z = 0 we can infer that c2 = Boei!t.

rei✓ = r(cos ✓ + i sin ✓)
r2B = µo�o

@B

@t

air, � = 0

earth, � = �o

B

r2B =
@2Bx

@x2
+

@2By

@y2
+

@2Bz

@z2
d2B

dz2
= i!µo�oB(z)
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r2E = µo�
@E

@t
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Now it is time to consider a single frequency !, so

B(t) = Bei!t and
@B
@t

= i!B

and the same for E, so our diffusion equations become

r2E = i!µo�oE and r2B = i!µo�oB

For external sources of B, at Earth’s surface B is purely horizontal and uniform. Then

B = Boe
iwt

and our diffusion equation is
d2B

dz2
= k2B(z)

where z is depth and we have defined a complex wavenumber k2
= i!µo�o.

d2B
dz2 = k2B(z) is a second order linear ODE with solutions of the form

B(z) = c1e
kz

+ c2e
�kz

The first term grows with depth so c1 = 0, and for z = 0 we can infer that c2 = Boei!t.

rei✓ = r(cos ✓ + i sin ✓)
r2B = µo�o

@B

@t

r2B =
@2Bx

@x2
+

@2By

@y2
+

@2Bz

@z2
d2B

dz2
= i!µo�oB(z)
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r2E = µo�
@E

@t

We define a complex wavenumber
d2B

dz2
= k2B(z) .sok2 = i!µo�o
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Now it is time to consider a single frequency !, so

B(t) = Bei!t and
@B
@t

= i!B

and the same for E, so our diffusion equations become

r2E = i!µo�oE and r2B = i!µo�oB

For external sources of B, at Earth’s surface B is purely horizontal and uniform. Then

B = Boe
iwt

and our diffusion equation is
d2B

dz2
= k2B(z)

where z is depth and we have defined a complex wavenumber k2
= i!µo�o.

d2B
dz2 = k2B(z) is a second order linear ODE with solutions of the form

B(z) = c1e
kz

+ c2e
�kz

The first term grows with depth so c1 = 0, and for z = 0 we can infer that c2 = Boei!t.

rei✓ = r(cos ✓ + i sin ✓)
r2B = µo�o

@B

@t

r2B =
@2Bx

@x2
+

@2By

@y2
+

@2Bz

@z2
d2B

dz2
= i!µo�oB(z)
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r2E = µo�
@E

@t

We define a complex wavenumber
d2B

dz2
= k2B(z) .sok2 = i!µo�o
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B(z) = c1e
kz + c2e

�kzThis is a second order linear ODE with solutions of the form 

The first term grows with depth so  and setting  we can infer that   .c1 = 0 z = 0 c2 = Boeiωt
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-0.5 0 0.5 1

5

4

3

2

1

|B|

B/Bo

z/zo

Re (B)
Im (B)

material �, S/m 1 day 1 hour 1 sec 1 ms

seawater 3 85 km 17 km 290 m 9 m
sediments 0.1 460 km 95 km 1.6 km 50 m
igneous rock 1⇥ 10�5 50000 km 9500 km 160 km 5 km

This gives
B(z) = Boe

i!te�kz

Recalling that k2 = i!µo�o we can write k as

k =
p

i!µo�o = (1 + i)
r

!µo�o
2

=
1 + i

zo
where zo =

s
2

!µo�o

to get
B(z) = Boe

i!te�z(1+i)/zo

So B(z) falls off exponentially with zo, which is the skin depth.

zo ⇡ 500
p
⇢T m where ⇢ = 1/� and T is period in seconds.

Phase just decays linearly with on radian shift every skin depth.
Some typical numbers:

real

imag

i
sqrt(i)
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B(z) = Boe
i!te�kz

Some typical numbers:

This all gives 
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�2E = µ⇤
⌅E
⌅t

+ µ�
⌅2E
⌅t2

�2E = 0

Radar 

DC Resistivity

High frequency
(megahertz)

Mid frequency
(0.001 - 1000 Hz)

Zero frequency

The resolution of EM induction sits between wave propagation and potential field methods:

�2E = µ⇥
⇤E
⇤t

r2U = 0

r2u = ✏
@u

@t
+

1
c2

@2u

@t2

Wave equation:  Resolution ~ wavelength

Diffusion equation:  Resolution ~ size/depth

Laplace equation:  Resolution ~ bounds only

⇤
µ
�

(electrical conductivity) ~ 

= magnetic permeability ~                     

>>         (electric permittivity) ~                10�9 � 10�11

10�4 � 10�6

3� 10�6 S/m
H/m

F/m

Inductive EM

Seismics 

Gravity/Magnetism

Heat flow 

r2T =
1

↵

@T

@t

⇤
µ
�
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The Magnetotelluric Method:  

We just showed that
<latexit sha1_base64="aQy83FSINBuAsJ3EJ/7Cy3A6Kzc=">AAACB3icbVDLSgMxFM3UV62vUZdugkWYItYZ8bURSnXhsoJ9QFuHTJq2oZnJkGSEdpgPcOOvuBFxo+DOX/BvTNvZ1HogcHLOvSTneCGjUtn2j5FZWFxaXsmu5tbWNza3zO2dmuSRwKSKOeOi4SFJGA1IVVHFSCMUBPkeI3VvcD32649ESMqDezUMSdtHvYB2KUZKS65pla1RAV7BsssheYhpi/ukh6BK9OVoZDmHtHA8cnkCXTNvF+0J4DxxUpIHKSqu+d3qcBz5JFCYISmbjh2qdoyEopiRJNeKJAkRHqAeiSc5EnigpQ7scqFPoOBEnZlDvpRD39OTPlJ9+dcbi/95zUh1L9sxDcJIkQBPH+pGDCoOx6XADhUEKzbUBGFB9Q8h7iOBsNLV5XR052/QeVI7KTrnxbO703zpJi0hC/bAPrCAAy5ACdyCCqgCDJ7BK/gAn8aT8WK8Ge/T0YyR7uyCGRhfv0tYltg=</latexit>

B(z) = Boe
i!te�z(1+i)/zo

<latexit sha1_base64="4JKuhMN4CZuoZVL1R3e5lVU8TW4=">AAACDnicbVBLSwMxGMzWV62vVY9ePiyCp7orvi5C8QEeK9gHdEvJptk2NNksSVYoy/4HL/4VLyJeFPoX/Ddu2720OhAYZiYkM37EmTaO82MVlpZXVteK66WNza3tHXt3r6FlrAitE8mlavlYU85CWjfMcNqKFMXC57TpD28nfvOZKs1k+GRGEe0I3A9ZwAg2mdS1T8ALsc8xeIYJqiHx/ABuUrgGT8RdCeBp1hd4pt+n0LXLTsWZAv4SNydllKPWtcdeT5JY0NAQjrVuu05kOglWhhFO05IXaxphMsR9mkzrpHCUST0IpMpOaGCqzuWw0Hok/CwpsBnoRW8i/ue1YxNcdRIWRrGhIZk9FMQcjITJNtBjihLDRxnBRLHsh0AGWGFisgVLWXV3sehf0jituBeV88ezcvUuH6GIDtAhOkYuukRV9IBqqI4IekXv6At9Wy/Wm/Vhfc6iBSu/s4/mYI1/AeUdmeU=</latexit>

r⇥B = µo�E

<latexit sha1_base64="Sw1gkbRtouc37iOnnaiS05oKNAk="></latexit>

r⇥B =

✓
@Bz

@y
� @By

@z
,
@Bx

@z
� @Bz

@x
,
@By

@x
� @Bx

@y

◆

<latexit sha1_base64="GN9Zg2BEXCMo64XkXaq1uu1zEPg="></latexit>

Ey =
1

µo�o

dBx

dz
= � 1 + i

µo�ozo
Bx = � k

µo�o
Bx

<latexit sha1_base64="y/VmSz1uGvDUhTM6dv25OmpD2ew="></latexit>

Ex =
1

µo�o

�dBy

dz
=

1 + i

µo�ozo
By =

k

µo�o
By

and recall 

But if B is in the x direction the only non-zero component of the curl is  in the y-component:∂Bx /∂z

so

and similarly 

This is valid for any depth z, but we are only interested in the surface where z = 0 and Bx = Boeiωt

no Bz or By

Bx uniform across surface
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Ey = � k

µo�o
Bx Ex =

k

µo�o
By

These equations tell us that there is an induced electric field that is linearly proportional to the 
external magnetic field.  The constant of proportionality depends on conductivity and frequency.  
Ey is anti-correlated with Bx, and Ex is correlated with By (but both with a 45° phase shift).

k =
p

i!µo�o

We have that 

where
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Ex is correlated with By Ey is anti-correlated with Bx

Ey = � k

µo�o
Bx Ex =

k

µo�o
By k =

p
i!µo�o

We have that 

where
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The MT equation continued...

We can take the ratio of the electric to magnetic field at any particular
frequency to obtain the half-space resistivity:

����
Ey

Bx

����
2

=
✓

k

µo�o

◆2

=
!µo�o

(µo�o)2 =
!

µo�o

⇢ =
µo

!

����
Ey

Bx

����
2

This is the MT equation made famous in Cagniard’s 1953 paper. The
phase between E and B is given by the �(1 + i) term, which is -45�.

This is all still only true for a half-space, but we can call this apparent resistivity regardless of how 
complicated the structure is.

The Magnetotelluric Method continued:  

� = tan�1

✓
E

B

◆
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⇢a =
1

!µo

����
E

H

����
2

� = tan�1

✓
E

H

◆

The two components of E are related to the two components of B through the impedance matrix Z

except that most MT people like to use the magnetizing field H to define impedance.  This slightly 
changes the apparent resistivity formula (of course, the phase remains the same). 
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Note that all terms are complex 
numbers as a function of frequency
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Half-space
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We can compute a half-space equivalent electrical resistivity 
(apparent resistivity) at each frequency:

We can also compute the phase difference between E and B.  
These become the MT sounding curves.

⇢a(!) =
µo

!

����
E(!)
B(!)

����
2

Here is what the MT fields look like in a uniform conductor.  
The fields decay exponentially with a scale length given by 
the skin depth

The induced electric field is 45° out of phase with the primary 
magnetic field.

zo ⇡ 500 mp
�f
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Conductive LayerHalf-space
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We can add a conductive 
layer  at depth and things 
change at the  surface

E is smaller
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Conductive Layer Resistive LayerHalf-space

Same for a 
resistive layer
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E is bigger




